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Abstract 
An efficient numerical method based on half-space Green's function and 
spherical harmonics expansion is used to study the light scattering from coupled 
multiple nanospheres on a substrate. The ellipsometric spectra for various geometries 
of coupled Au nanospheres are calculated and analyzed to realize the effects of 
plasmonic coupling of closely-spaced nanospheres. With only a few parameters to 
describe the distribution of various coupled nanosphere clusters embedded in a 
random distribution of nanospheres, the calculated ellipsometric spectra can fit the 
experimental data very well. This illustrates that our realistic model calculations can 
be used for determination of the distribution of nanospheres on a substrate or 
embedded in multilayer structures such as biological samples. 
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I. Introduction 
Surface plasmonic effects associated with metallic nanostructures have been 
wildly investigated by physicist, chemist and biologist. Surface plasmons refer to the 
collective charge oscillations of the free electrons at the interface between a dielectric 
and metal. The strong enhancement of the electric field occurs near the interface when 
the optical wave is strongly coupled with the free electrons near the metallic surface, 
and this phenomenon is called surface plasmon resonance (SPR). When we consider 
nanoscale metallic structures such as nanosphere, nanorod, nanoprism,…etc, the large 
enhancement of the electric field can arise near the surface of nanostuctures due to 
localized surface plasmon resonance (LSPR). The LSPR can be strongly enhanced 
near the junctions of  aggregated plasmonic nanoparticles, such as nanoparticle 
dimmer [1], trimmer [2], and heptamer [3-5], and areas of strong localized electric 
field (so called hot spots) and the strong optical force [6] have been observed. 
To observe the plasmonic coupling of aggregated nanoparticles, it is more 
convenient to place them on a substrate. Nanoparticle clusters can also be found in a 
random distribution of metallic nanoparticles on a glass substrate which was formed 
by dipping a chemically treated glass plate in a solution containing metallic 
nanoparticles of similar size, and the plasmonic effect of these nanoparticle clusters 
can be measured experimentally via conventional ellipsometry setup [7-8]. There 
were several theoretical investigations of this subject. A fully electrodynamics 
coupled dipole model was used to study the optical scattering from nanoparticle 
clusters [9]. However, this model neglects higher-order multiple contribution, which 
can be important when nanoparticles are near each other. The generalized Mie 
scattering theory which utilizes the addition theory for two-center vector spherical 
harmonic functions has been applied to coupled nanospheres [10-13]. An alternate 
method is the cluster T-matrix approach [14,15]. All the above methods are not 
designed to examine the effects of substrate.  
Although the finite-element method (FEM) and finite domain time difference 
(FDTD) method [16] can be used to study the influence of the substrate on the 
nanoparticle clusters in general, they require very heavy computation effort to 
describe the sharply localized functions near plasmonic junctions, and it becomes 
impractical to study the combined effect of several nanoparticle clusters with various 
orientations. Furthermore, FDTD method cannot take into account the 
frequency-dependent dielectric functions accurately. Here we present an efficient 
method based on the half-space Green’s function derived in [17] and the use spherical 
harmonics functions for the expansion of electromagnetic field inside the nanospheres, 
which is suitable for providing accurate full solution to the coupled nanospheres 
placed on a multilayer substrate.   
In this paper, we present detailed derivations for the theory of optical scattering 
from clustering nanoparticles on a substrate by using the Lippmann-Schwinger (L-S) 
equation [7,18] to solve the electromagnetic field inside the nanospheres via 
expansion in terms of spherical harmonic functions. The calculated light scattering 
spectra for various configurations of nanoparticle clusters are analyzed to indentify 
the plasmonic resonances and Fano coupling effects. We further calculate the 
ellipsometric spectra of the combined effects of several gold nanoparticle (Au-NP) 
clusters with various orientations embedded in a random distribution of gold 
nanoparticles. By comparing our results with the corresponding experimental data 
with only a few fitting parameters, we can determine rather uniquely the size, average 
spacing, and fraction of nanoparticle clusters in a given sample. A similar comparison 
was reported in a previous paper [8], in which the nanoparticle clusters are resembled 
by pancakes with various sizes. Here, we include the realistic effects of clusters of 
coupled nanospheres and find more truthful description of the experimental results. In 
our modeling, we use the experimental dielectric constant of bulk Au. [19] 
II. Theoretical formulation of light scattering from clustering nanoparticles 
We assume that the clusters contain N  spheres with the same diameter on a 
substrate. Based on the Lippmann-Schwinger (L-S) equation for electric fields, we 
have 
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where 0k  is the wave number for medium outside the sphere (air for the present 
case), 0 , 1, 2,...,p pk k p Nε= =  is the wave number inside the sphere and 
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a factor 4 nq ae− . 0R  denotes the reflective coefficients in the grating layer without the 
spheres. In cylindrical coordinates, the coefficients in Eqs. (6)-(10) become 
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which satisfies the symmetry relation ( )*pq qpn m m n m mM M± ±′ ′ ′ ′= ±ℓ ℓ ℓ ℓ when nq  is real. The 
double integrals over z  and z′  can be reduced a single integral by using the 
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which satisfies the symmetry relation ( )*0 0pq qpn m m n m mM M′ ′ ′ ′=ℓ ℓ ℓ ℓ . 
 However, since the term ( )pn mI zℓ  in Eq. (12) involves a fast oscillating function 
( )m nJ k ρ , its evaluation can be time consuming with the conventional numerical 
integral method such as the Gauss-Legendre integration, we therefore use a 
polynomial expansion for the slow-varying part of the integrand: 
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where mC ν′ℓ  is the expansion coefficient. Then the term ( )pn mI zℓ  can be expressed 
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where ( ) ( ) 12 22m mC z C a z νν νpi +′≡ −ℓ ℓ  and ( )1,zW mν +  have been defined in Ref. 
[17] where we can use a recursion relation to evaluate it rather than calculate the 
integral directly. 
 The sum over n in Eq. (4) means an integral over in-plane wave vectors, kn = 
( nk , nϕɶ ). Here, we deal with the integral over nk  by using the Gaussian quadrature 
technique and the integral over nϕɶ  is done analytically. The results are 
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. Finally, the coefficients jp mα ℓ  in Eq. (3) are solved by a 
direct linear solver or an iterative linear solver with quasi-minimum residue (QMR) 
method. 
 It is worth commenting that in Mie theory [20,21] (for an isolated sphere) one 
typically expands the electrical/magnetic filed in terms of vector spherical harmonics, 
taking advantage of the nature for transverse waves. However, for spheres on a 
substrate, it is more convenient to expand all three Cartesian components of the 
electrical/magnetic filed in terms of scalar spherical harmonics, which makes the 
implementation much simpler and computationally more efficient. The equivalence 
between the two approaches is demonstrated analytically in Appendix A. 
III. Comparison with the generalized Mie scattering theory for isolated clusters 
 To test the numerical accuracy of our method, we compare our calculated results 
with those obtained by the generalized Mie scattering theory [10-13] for coupled 
nanospheres without a substrate. Fig. 2 shows electric field at the top (the position O  
with 0z = ) of trimers, E  as a function of photon energy for light scattering from a 
trimer of Au spheres of the same diameter 80d nm=  (Fig. 1(b) with 0dϕ = ) with 
two different gaps: (a) gap 10g nm=  and (b) gap 2g nm= , obtained by the present 
Green’s function method (dashed) and the generalized Mie scattering theory (solid). 
In our calculation, the cutoff of angular momentum quantum number ℓ  ( cℓ ), the 
number of 
n
k  meshes (Nk), and the number of z meshes (Nz) used are : (a) ( cℓ , Nk, 
Nz) = (6,101,100) and (b) ( cℓ , Nk, Nz) = (9,121,100), which have been tested to 
ensure convergent results. 
 We noticed from Fig. 2 when the gap between nanoparticles is small, a stronger 
coupling effect between the aggregations occurs, which leads to large enhancement of 
local field for photon energy near the plasmonic resonance. This strong coupling 
effect also leads to a red shift of the LSPR resonance spectrum. As shown in this 
figure, our Green’s function results agree well with the generalized Mie scattering 
theory in the absence of a substrate. 
IV. Ellipsoemtric spectra of isolated clusters for specular and off-spectacular 
reflections 
 We present the calculated reflectance, 2s sR r=  and 
2
p pR r=  for s- and p- 
polarized light, where r  denotes the Fresnel reflection coefficient for isolated 
clusters of Au-NPs (with d = 80nm and 0dϕ =  in Fig. 1) on glass substrate with 
three different angles of incidence: 55o (green), 60o (red) and 65o (blue) for specular 
reflection (Fig. 3) and off-specular reflection (Fig. 4), normalized to an area Acell = p2. 
For the off-specular reflection, the scattered light is detected at an angle normal to the 
surface of the substrate. This is a better geometry for microscopic ellipsometry 
measurements due to the ease of focusing the objective. The gap distance (g) between 
nanoparticles adopted is 2nm and the normalization area is taken to be 
cellA = 530nm×530nm (which is roughly the pixel size considered in a microscopic 
imaging ellipsometry). We use ( cℓ , Nk, Nz) = (8,71,100) in all cases in order to ensure 
convergent results. 
 Comparing Figs. 3 and 4, we find that the value of sR  in the off-specular 
reflection (over the entire energy range) is much smaller than in the specular 
reflection, which will lead to a large amplitude ratio, Ψ  for the off-specular 
reflection. This is direct consequence of the interference effect. For the specular 
reflection, the optical paths of light scattered from all naoparticels in the cluster are 
the same (i.e. phase coherent), while for off-specular reflection, there is a variation of 
optical path given by sinjd θ , where dj is the location of the center of the j-th 
nanosphere from the origin along the x-axis and θ is the angle of incidence. Thus, for 
off-specular reflection, a partially destructive interference can occur when 
sin / 2ed θ λ=  where de is the effective separation between end nanoparticles in the 
cluster and λ is the wavelength. Such an interference pattern is clearly seen in the sR  
spectra for off-specular reflection (see Fig. 4) with dips occurring at wavelengths 
approximately matching the condition, 2 sinedλ θ= . The degree of destructive 
interference depends mainly on the arrangement of nanoparticles. For the dimer case 
and 065θ = , the wavelength location of the dip in the sR  spectra is approximately 
equal to 7.1eV. Hence ed  satisfying the condition  
02 sin 65 7.1ed eV=  leads to an 
effective separation of 96.4nm. Similarly, we obtain the effective separation lengths 
around 140nm and 190 nm, respectively for a chain of 3 and 4 nanospheres. In Fig. 4, 
we also noticed that the destructive interference in trimer and heptamer is much 
weaker than in the chain of nanoparticles. 
 It is well known that near the plasmonic resonance the electric field normal to the 
metallic surface is localized and greatly enhanced. In our studies, the substrate lies in 
the x-y plane and the plane of incidence is in the x-z plane. For the s-polarized light, 
the electric field of the incident light is along the y axis. Thus, near plasmonic 
resonance Ey is enhanced near the side edges of nanoparticles and localized near x = 
dj . For the p-polarized light, the magnetic field of the incident light is along the y axis. 
Thus Hy near the entire circumference of nanoparticles in the x-z plane is enhanced. 
Thus, for chains of nanoparticles we find strong plasmoinc coupling between 
neighboring nanoparticles for the p-polarized light but not for the s-polarized light, 
which leads a splitting of the plasmonic peak as seen in Figs. 3 and 4. On the other 
hand, for the heptamer, strong plasmoinc coupling between neighboring nanoparticles 
exists for both the s- and p-polarized light (since the heptamer contains chains along 
both x and y directions) as can be seen in Figs. 3(e) and 4(e), where a splitting is of 
the plasmonic peak is seen for both Rs and Rp. These features would allow easy 
identification of the arrangements of metallic nanoparticle clusters via microscopic SE 
even though the image of the cluster itself cannot be resolved due to their 
sub-wavelength scale. 
V. Ellipsometric spectra of randomly oriented isolated clusters 
 Fig. 5 show the calculated ellipsometric spectra ( Ψ  and ∆ ) for isolated clusters 
of Au-NPs (with d = 80nm) on glass substrate with random orientation. Three 
different angles of incidence: 55o (solid lines), 60o (dashed lines) and 65o (dash-dotted 
lines) are considered. The gap distance (g) between nanoparticles adopted is 2nm and 
the normalization area used for these Au-NP clusters used is cellA = 245nm×245nm. 
In order to ensure convergent results, we use ( cℓ , Nk, Nz) = (8,71,100) in all cases. To 
model the effect of random orientation, we average over the azimuth angle dϕ  as 
shown in Fig. 1 by using 10 sampling values for dϕ  evenly divided within the 
irreducible segment (determined by point group symmetry). As expected, we find that 
the plasmonic resonance peak splits into multiple peaks accompanying with some dip 
structure due to the strong coupling and Fano effect between adjacent nanospheres. 
The degree of enhancement due to the coupling effect depends on the arrangement of 
nanoparticles, the adjacent distance between nanopaticles, and the particle size. 
 Comparing Fig. 5(a) and Fig. 5(d), we noticed that the ψ spectra of the two cases 
are quite similar. This can be attributed to the fact that after average over azimuthal 
angle dϕ , both cases have the same effective diameter (~ 2d+g), where g denotes the 
gap distance between adjacent nanospheres. However, the ∆ spectra of the two cases 
are quite different, indicating that the ∆ is sensitive to the arrangement of 
nanoparticles while ψ is not. Similarly, Figs. 5(b) and 6(e) have very similar ψ spectra 
but different ∆ spectra, again because the two cases have the same effective diameter 
(~ 3d+2g), giving further confirmation to the above argument. 
VI. Theoretical formulation of light scattering from clusters embedded in a 
random distribution of non-aggregated nanoparticles 
 In our pervious work [8], we modeled clustering nanoparticles as pancakes with 
different diameters (the equivalent spheroid model), which are embedded in a random 
distribution of non-aggregated nanoparticles. Here, we treat the clusters as realistic 
aggregations of nanoparticles which includes the strong plasmonic coupling effect 
between the closely-spaced nanoparticles. In order to describe the clusters embedded 
in a random distribution of non-aggregated nanoparticles, we use three types of local 
functions similar to our pervious work [8]: ( )1u r  for nonclustering nanoparticles 
which are randomly distributed nanoparticles with identical diameters, ( )αc r  for 
small realistic aggregation with several different types labeled by α  and ( )p r  for 
large patch of clustering nanoparticles. uN , cN  and pN  denotes the numbers of 
cells occupied by non-aggregated nanoparticles, clustering nanoparticles and large 
patch of clustering nanoparticles, respectively. The fractions of areas occupied by 
non-aggregated nanoparticles, clustering nanoparticles and large patch of clustering 
nanoparticles are denoted by c cf N N=  p pf N N=  and 1u u c pf N N f f= = − − , 
respectively. The L-S equation for the local function ( )1u r  is given by [8] 
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where 0n n= −K k k  and ( ) ( )( )21 1 /aV cε ω′ = −r  for ′r  inside the nanoparticle 
and vanishes otherwise and ( )nS K  is the structure factor defined as 
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                (22) 
where  f  is the similarity factor describing the average ratio of local wave functions 
associated with nanoparticles on different sites in a given distribution, Ru is the cell 
radius which relates to the cell area by 2cell uA Rpi= , and λc is the coherent length of 
light [20]. The local function ( )p r  for a large patch of nanoparticles also satisfy Eq. 
(20), but with the cell area replaced by 23 / 2cellA d= . The local functions for 
clusters ( )αc r  are described by Eqs. (2) and (3) and they are solved according to Eq. 
(1). For simplicity and to reduce computation time, we regard clustering nanoparticles 
as the combination of chains of nanoparticles (Fig. 1(a)) including β  nanospheres 
( 2,3, 4β = ) and close-packed clustering nanoparticles such as trimer (Fig. 1(b)) and 
heptamer (Fig. 1(c)) in the x-y plane with various orientations. The clusters are 
classified by different types, labeled by α according to their corresponding effective 
diameter, dα after averaging over orientation. The weighting factors used for chains of 
nanoparticles with effective diameters 2d+g, 3d+2g, and 4d+3g (where g is gap 
distance) are γp2, γp3, and p4, respectively, and those for trimer (with effective 
diameters 2d) and heptamer (with effective diameters 3d) are ( ) 21 pγ−  and 
( ) 31 pγ− , where γ is the fraction (between 0 and 1) describing the contribution of 
chains of clusters for a given cluster size. 
1 /
3 c
p fα αη=  denotes the weighting factor 
for clusters of type α such that 
3
1
c
p fα α
α
η
=
=∑ , where / cellA Aα αη = with Aα  denotes 
the circular area occupied by a cluster of type α. For simplicity, other possible cluster 
arrangements with effective diameter close to 4d have been neglected. The gap 
distance ( g ) between nanoparticles should be close enough to realize the coupling 
effect between them. Furthermore, we average over the azimuth angle dϕ  as 
indicated in Fig. 1. Note that in our pervious work [8], the equivalent spheroid model 
does not obtain any information of the coupling effect of the closely-space 
nanoparticles. Instead, the coupling effect between several types of equivalent 
spheroids with different diameters with the surrounding non-aggregated nanoparticles 
was included to produce the desired effect [8]. Note that Eqs. (5) and Eq. (14) in Ref. 
[8] are also solved within the spherical harmonic basis similar to Eq. (3). The 
principal-order reflection coefficient is obtained by Eq. (15) in Ref. [8]. 
VII. Ellipsometric spectra of randomly distributed nanoparticles with clusters 
 In a previous work [8], we have presented the calculated ellipsometric spectra  
( Ψ  and ∆ ) by using the spherical harmonics-based Green’s function (SHGF) 
method without considering the clustering effect of nanoparticles. (See Fig. 4 of [8])  
The fitting parameters used to produce a good fit include the particle diameter (d), 
particle height (h), average inter-particle distance (p), the similarity factor (f), and the 
coherent length of light ( cλ ). Here, we found that similar quality of fit can be obtained 
by using h d=  (i.e. spherical instead of ellipsoidal nanoparticles); thus, one less 
fitting parameter is used. The coherent length used is 3500nm [22], which is 
reasonable for the light sources adopted in the J. A. Wollam VUV ellipsometer. The 
results are not very sensitive to the coherence length as long as it is between 3000nm 
and 5000nm. Furthermore, the particle diameters used to get the best fit are kept the 
same as the nominal value as specified, except for the d=40nm case (for which we 
need to use a 10% smaller size to obtain a good fit). The new fitting results are shown 
in Fig. 6 with the best-fit parameters given in Table 1. These results are similar to Fig. 
4 of our previous work [8], but here we imposed the constraint h d=  and enlarged 
the set of basis functions (with cℓ =6) to ensure convergence. 
 Next, we describe the clustering effect on the SE measurements. Instead of using 
the equivalent pancake-like spheroid model as in Ref. [8], here we use the more 
realistic aggregated-nanosphere model to include the coupling effect between the 
closely-spaced nanoparticles. For clusters of effective diameters around 2d and 3d, we 
assume a fraction ( 0.7γ = ) of the clusters is chain-like and the remainder is close- 
packed. For clusters of effective diameters around 4d, only chain-like clusters are 
considered. All other larger clusters are modeled by a large patch of close-packed 
nanoparticle with a weighting factor fp. The gap distance between adjacent 
nanoparticles are taken to 0.025*d, which is small enough to simulate the coupling 
effect. (Any smaller value will not affect the fitting results, but requires longer 
computation time to converge) Here we have neglected the coupling between clusters 
and the surrounding (random distribution of identical nanoparticles) since the major 
enhancement has already been included in the coupling between the closely-spaced 
nanoparticles. The reflectivities of these small clusters averaged over all orientations 
are then mixed with the results for surrounding random distribution of nanoparticles 
and large patch to calculate Ψ  and ∆ . The results are shown in Fig. 7, along with 
experimental data (taken from Ref. [8]) for comparison. The best-fit values for 
weighting factors fc  and  fp  and the mean-square-errors (MSE) for both ψ and ∆ (in 
parentheses) are also listed in Table 1. The multiple-peak feature accompanying a dip 
structure agrees reasonably well with experiment. It is noted that the fit is much 
improved (with significantly smaller MSE) when the clustering effect is included for 
photon energies near the plasmonic resonances. The quality of fit is comparable to the 
one shown in Fig. 6 of Ref. [8], but here we have kept the aspect ratio h/d=1 for 
nanoparticles and the clustering model used is a more truthful representation of the 
actual system.  
VIII. Conclusion 
 In conclusion, we have used a spherical harmonics-based Green’s function 
(SHGF) method for studying the plasmonic coupling effects in a cluster of metallic 
nanoparticles. We show the SE spectra have features that can be related to the 
arrangements of nanoparticles in a given cluster. This point to an application that one 
can use the microscopic ellipsometry to determine the precise arrangements of 
metallic nanoparticles in a cluster with nanoscale resolution even though the image 
itself may not be resolved clearly due to the small size of nanoparticle. The method is 
also applied to the metrology of clustering nanoparticles embedded in a random 
distribution of nanoparticles on multilayer films. Rather than using the equivalent 
spheroid model to describe clustering nanoparticles as in Ref. [8], here we model the 
clusters as the realistic aggregation of nanospheres which include the plasmonic 
coupling effect between closely-spaced nanoparticles. Base on this realistic model, we 
can uniquely provide structure information of nanoparticles on the substrate, 
including the average particle size (d), average pitch (p), fraction of small clusters (fc), 
and fraction of nanoparticles in large patches (fp) within a selected spot (e.g. a 10µm╳
10µm area) of a given image. We believe our efficient and realistic modeling is very 
useful for nondestructive metrology of nanoparticles covered samples. 
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Appendix A 
 In this appendix, we derive the relations between the vector spherical harmonics 
used in Mie Theory [20] and the scalar harmonic functions in Cartesian frame. In the 
Mie Theory [20], the two vector spherical harmonic function o mM ℓ  and e mN ℓ  are 
expressed by [21] 
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m
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                (A-2) 
Writing the unit vector in the spherical coordinate into their Cartesian components, 
we obtain 
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First, we discuss the x-component of the function o mM ℓ . The recursion relationships 
of associate Legendre functions are 
( ) ( ) ( )( ) ( )1 11cos cos cos 1 cos
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Using the product-to-sum identities: 
( ) ( )1cos cos cos 1 cos 1
2
m m mφ φ φ φ= + + −   ,       (A-6) 
and 
( ) ( )1sin sin cos 1 cos 1
2
m m mφ φ φ φ= − − +   ,       (A-7) 
We obtain for the x-component of the function, xo mM ℓ : 
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where the coefficient ( )( )
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2 1 !
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+ −ℓ
ℓ
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. 
Second, we discuss the y-component of the function o mM ℓ . Using the product-to-sum 
identities  
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and Eq. (A-4) and Eq. (A-5), we obtain for y-component of the function, yo mM ℓ : 
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Similarly, for the z-component of the function o mM ℓ  we obtain 
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In the case of e mN ℓ , the three Cartesian components are 
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where we have used the recursion relations for the spherical Bessel functions 
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Because there is no suitable recursion for Eqs. (A-13)-(A-15), we write 
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Multiply the conjugate of the spherical harmonic function on both side in the above 
equation and integrate over the angules θ  and φ , we have 
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Thus, we can rewrite Eqs. (A-13)-(A-15) straightforwardly as follows: 
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Furthermore, we have 
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Thus, we have shown that the vector spherical harmonic functions ( o mM ℓ , e mN ℓ ) are 
linear combinations of the scalar spherical harmonic functions ( mj Y
ℓ ℓ
) in the 
Cartesian frame. 
 For the special case, when we consider the scattering of a plane wave from a 
sphere, only m = 1 component needs to be considered. Hence, Eq. (A-8), (A-11), 
(A-12) and Eq. (A-20)-(A-22) reduce to: 
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Table and Figure caption 
Table: 
[1] Best-fit parameters used in the theoretical modeling for Au nanoparticles without 
and with clusters. 
Figure: 
[1] Schematic drawing of (a) a chain of nanoparticles (top view) and close-packed 
clustering nanoparticles such as (b) trimer and (c) heptamers (top view). 
[2] The electric field (at the origin as indicated in Fig. 1 with 0z = ), E  as a 
function of photon energy for light scattering from a trimer of Au nanospheres of the 
same diameter 80d nm=  (Fig. 1(b) and set 0dϕ = ) with two gaps: (a) large gap 
10g nm=  and (b) small gap 2g nm=  calculated by the present Green’s function 
method (dashed curves) with (a) ( maxℓ , Nk, Nz) = (6,101,100) and (b) ( maxℓ , Nk, Nz) = 
(9,121,100) and the extended Mie scattering theory (solid curves). 
 
[3] The calculated reflectance for s- and p- polarized light for isolated clusters of 
Au-NPs (with d = 80nm and set 0dϕ =  in Fig. 1) on glass substrate with three 
different angles of incidence: 55o (green), 60o (red) and 65o (blue) for specular 
reflection for five different arrangements: (a) a chain of two nanoparticles (2) a chain 
of three nanoparticles (3) a chain of four nanoparticles (4) a trimer and (5) a heptamer. 
The gap used is 2nm. 
 
[4] The calculated reflectance for s- and p- polarized light for isolated clusters of 
Au-NPs (with d = 80nm and 0dϕ = ) on glass substrate with three different angles of 
incidence: 55o (green), 60o (red) and 65o (blue) for off-specular reflection for five 
different arrangements: (a) a chain of two nanoparticles (2) a chain of three 
nanoparticles (3) a chain of four nanoparticles (4) a trimer and (5) a heptamer. The 
gap used is 2nm. 
 
[5] The orientation-averaged ellipsometric parameters, Ψ  and ∆  as functions of 
photon energy obtained by the Green’s function method for a random distribution of 
clustering nanoparticles for five different arrangements: (a) chains of two 
nanoparticles (2) chains of three nanoparticles (3) chains of four nanoparticles (4) 
trimmers, and (5) heptamers for three different angles of incidence: 55o (solid line), 
60o (dashed line) and 65o (dash-dotted line) on the substrate. The particle size is 80nm 
and the gap is 2nm. 
 [6] Spectroscopic ellipsometry measurement (solid curves) and model calculations 
(dash-dotted curves) of randomly distributed Au nanoparticles with various 
arragmements. The nominal sizes of nanoparticles are (a) 20, (b) 40, (c) 60, and (d) 80 
nm for incident angles of 55°, 60°, and 65°. 
 
[7] Spectroscopic ellipsometry measurement (solid curves) and model calculations 
(dash-dotted curves) of random distribution of Au nanoparticles including the effect 
of clusters which are modeled by aggregations of nanoparticles with various 
arrangements. The nominal sizes of nanoparticles are (a) 40, (b) 60, and (c) 80 nm for 
incident angles of 55°, 60°, and 65°. 
 
 Nanoparticle 
diameter  
D (nm) 
Similarity 
factor 
 f 
Average 
pitch 
p (nm) 
Fraction of 
small 
clusters, fc 
Fraction of 
nanoparticles 
in patches, fp 
MSE for 
Ψ  ( ∆ ) 
noncluster 
model 
MSE for  
Ψ  ( ∆ ) 
cluster 
model 
20 1.0 50   0.87 (9.89)  
36 0.8 140 0.015 0.005 1.27 (11.44) 0.90 (9.68) 
60 0.7 170 0.02 0.05 1.81 (12.36) 1.12 (9.87) 
80 0.7 245 0.025 0.05 2.38 (13.84) 1.53 (10.79) 
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